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INTRODUCTION TO HIGH DIMENSIONAL KNOTS
EIJI OGASA
Abstract. This is an introductory article on high dimensional knots for the beginners.
High dimensional knot theory is an exciting field. It is a field of knot theory, which is
one of topology and is connected with many ones.
In this article we use few literal expressions, equations, functions, etc. We barely
suppose that the readers have studied manifolds, homology theory, or topics beyond
them.
Is there a truly knotted high dimensional knot? We first answer this question. After
that, we explain local moves on high dimensional knots and the projections of high
dimensional knots.
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1. Introduction
This is an introductory article on high dimensional knots for the beginners. High
dimensional knot theory is an exciting field. It is a field of knot theory, which is one of
topology and is connected with many ones.
In this article we use few literal expressions, equations, functions, etc. We barely
suppose that the readers have studied manifolds, homology theory, or topics beyond them.
We only suppose that the readers know the n-dimensional spheres, the n-dimensional balls
(or discs), and the n-dimensional Euclidean space Rn. Here, n is any natural number.
A 1-dimensional knot is a circle in R3 which does not touch itself. Do you feel that
there is an unknotted knot and a truly knotted knot? Yes, it is true. See §2.1.
Figure 1.1. There is an unknotted knot and a truly knotted knot.
A 2-dimensional knot is a sphere in R4 which does not touch itself. Is there a truly
knotted 2-dimensional knot? We answer this question in §2.2.
An n-dimensional knot is an n-sphere in Rn+2 which does not touch itself (≧ 3). Is
there a truly knotted n-dimensional knot? We answer this question in §2.3.
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Any nontrivial 1-dimensional knot is changed into the unknot by a sequence of crossing-
changes drawn in Figure 1.2.
Figure 1.2. The crossing change of a 1-knot
If two 1-dimensional knots K and K ′ in R3 differ only in the 3-ball B3 as shown in
Figure 1.2, then we say that K is obtained from K ′ by one crossing-change. See Figure
1.3.
Figure 1.3. K is obtained from K ′ by one crossing-change.
Are there local moves on high dimensional knots like crossing-changes of 1-dimensional
knots? We answer this question in §4.
3
The projection of any nontrivial 1-dimensional knot is that of an unknotted knot. The
projection is the image of the map R3 → R2, (x, y, z) 7→ (x, y). Probably you will feel
it is true. Yes. It is true. Indeed, the proof is easy.
Figure 1.4. The projection of a 1-dimensional knot
If there is a nontrivial high dimensional knot, then is the projection of it that of an
unknotted knot? We answer this question in §3.
We will show high dimensional figures to explain high dimensional knots and links.
We draw them conceptually. We want the readers to captures them intuitively.
Imagine!
4
We use few literal expressions, equations, functions, etc. Of course the reason why we
barely use them here is because this article is written for the beginners. However, note
the following when you read papers and textbooks on mathematics and physics after
finishing this article. Whether the level of the topics in mathematics and physics is high
or low is not related to how complex are the numbers and equations are used there.
We try to avoid using technical terms associated with manifolds, homology theory, or
topics beyond them. Instead, the advanced readers may feel the explanation in this article
to be quite loose. However, we put a high priority on explanations that beginners can
understand intuitively. (Of course, the advanced readers understand high dimensional
figures not only rigorously but also intuitively.)
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2. High dimensional knots and links exist
2.1. 1-dimensional knots and links exist. We begin by explaining 1-dimensional
knots.
Take the 3-dimensional space R3 as shown in Figure 2.1.
x
z
y
Figure 2.1. R3.
If a single copy of S1 is embedded in R3, it is called a 1-(dimensional) knot. Some-
times a knot means a 1-knot. When we say that S1 is embedded in R3, S1 is included
in R3 and S1 does not touch itself. (In fact, ‘embed’ is a mathematical term, which
is seen textbooks on manifolds for embedding. However, if you currently associate the
word ‘embed’ with how it is used in daily life, please continue to do so. In this article, we
often hope that the readers take such attitude. This way is often good for the beginners.)
If a set ofm copies of S1 is embedded in R3, it is called anm-component 1(-dimensional)
link. Sometimes a link means a 1-link.
To the advanced readers. We replace R3 with the 3-dimensional sphere S3 in a lot of
literature.
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Do you feel the two knots shown in Figure 2.2 seem to be different?
The trefoil knot
The trivial knot
Figure 2.2. The trivial knot and the trefoil knot
Yes. It is true. Roughly speaking, when we say that they are not the same, it means
the following. In R3 it is impossible to manipulate the trefoil knot to the trivial knot if
it is never touching itself.
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To advanced readers. We show a funny move. See Figure 2.3. The curve is not
touching itself in the procedure where the left figure is changed into the right one as
shown in Figure 2.3.
Figure 2.3. A funny move
You feel that it is natural to prohibit this procedure, don’t you? So, when we say
that we move a knot such that it is always not touching itself, we suppose that we move
a knot with ‘tubular neighborhood’ drawn in Figure 2.4 together and that the tubular
neighborhood is not always touching itself. We can say that knots are ‘thickened’ when
we consider the procedure that knots are moved.
Figure 2.4. a thickened knot
In this article, if we move a knot as above, we say that we move it smoothly. (‘Smooth’
and ‘tubular neighborhood’ are mathematical terms. However, if you currently associate
the word ‘smooth’ and ‘tubular neighborhood’ with how it is used in daily life, please
continue to do so.)
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If a 1-knot K bounds an embedded 2-ball B2 in R3, we say that K is the trivial knot
or the unknot.
Suppose that an m-component 1-link L satisfies the following condition: Each compo-
nent bounds an embedded 2-ball B2 in R3. Each B2 does not touch any other B2. Then
we say that L is the trivial link.
It is known that there are countably infinitely many different nontrivial 1-knots.
In order to prove it, we use the Alexander polynomial, the Alexander module, the
Jones polynomial, the fundamental groups, the signature, the knot cobordism groups,
etc. See [17, 51] for detail.
9
Can S2 be ‘knotted’ in R4?
Can Sn be ‘knotted’ in Rn+2?
Are there nontrivial high dimensional knots?
These are among the main themes of this section.
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2.2. 2-dimensional knots and links exist. Next we explain 2-dimensional knots.
If a single copy of S2 is embedded in R4, it is called a 2-(dimensional) knot.
If a set ofm copies of S2 is embedded in R4, it is called anm-component 2-(dimensional)
link.
If a 2-knot K bounds an embedded 3-ball B3 in R4, we say that K is the trivial knot.
Suppose that an m-component 2-link L satisfies the following condition: Each compo-
nent bounds an embedded 3-ball B3 in R4. Each B3 does not touch any other B3. Then
we say that L is the trivial link.
We say that two 2-links are the same if we move one to the other smoothly in R4
so that it is not touching itself. Here ‘moving smoothly’ means that we move it with
‘tubular neighborhood’ as in the 1-link case. Recall Figures 2.3 and 2.4.
It is trivial that there is the 2-dimensional trivial knot (resp. 2-link).
There exist nontrivial 2-knots. We will explain it from here on.
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We regard R2 as the result of rotating {(x, y)|x ≧ 0, y = 0} around the point (0, 0).
See Figure 2.5.
x
y
Figure 2.5. R2 is the result of rotating {(x, y)|x ≧ 0, y = 0}
around the point (0, 0)
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We regard R3 as the result of rotating {(x, y, z)|x ≧ 0, y = 0} around the z-axis. We
draw the x-, y−, z−axis in a different fashion from what you are used to. See Figure 2.6.
x
z
y
Figure 2.6. R3 is the result of rotating {(x, y, z)|x ≧ 0, y = 0}
around the z-axis.
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See Figure 2.7. If we rotate the arc around the dotted line in R3, then the result is S2.
Figure 2.7. If we rotate the arc around the dotted line in R3,
then the result is S2.
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We regard R4 as the result of rotating
R3≥0 = {(x, y, z, w)|x ≧ 0, y = 0} around the zw-plane. See Figure 2.8. Imagine!
x
y=0
y
z
w
R
4
Figure 2.8. We regard R4 as the result of rotating R3≥0
= {(x, y, z, w)|x ≧ 0, y = 0} around the zw-plane.
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Suppose that there is a point in {(x, y, z)|x ≧ 0, y = 0} as shown in Figure 2.9.
When we rotate {(x, y, z)|x ≧ 0, y = 0} around the z-axis, rotate the point as well.
Then we obtain S1 in R3.
x
z
y
z
Figure 2.9. A circle is made by the rotation of a point around
the z-axis.
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Suppose that there is an arc in
R3≥0 = {(x, y, z, w)|x ≧ 0, y = 0} as shown in Figure 2.10.
When we rotate {(x, y, z, w)|x ≧ 0, y = 0} around the zw-plane, rotate the arc as
well. Then we obtain S2 in R4. Imagine! Thus we obtain a 2-knot.
z
w
R
3
>0_
x
Figure 2.10. When we rotate {(x, y, z, w)|x ≧ 0, y = 0} around
the zw-plane, rotate the arc as well. Then we obtain S2 in R4.
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Let A and B be the endpoints of the arc. Suppose that A and B are in the wz-plane.
Connect A with B by the dotted segment as shown in Figure 2.11. Then a 1-knot is
made from the arc and the dotted segment. Call this 1-knot K.
The 2-knot made from this arc as shown in Figure 2.11 is called the spun knot of K.
z
w
R
3
A
B
>0_
x
Figure 2.11. Making a spun knot from this.
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It is known that if K is a nontrivial 1-knot, then the spun-knot of K is a nontrivial
2-knot.
It is known that, there are countably infinitely many different 1-knots such that their
spun knots are different each other. Thus there are countably infinitely many different
2-knots.
We can define the spun-link of a 1-link as in the same manner. It is known that there
are countably infinitely many different 1-links such that their spun links are different
each other. Thus there are countably infinitely many different 2-links.
In order to prove that they are nontrivial, we use the Alexander polynomial, the
Alexander module, the fundamental groups, the µ-invariant, the η˜-invariant, etc.
See [25, 51, 52, 55] for detail.
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When we rotate R3≥0 = {(x, y, z, w)|x ≧ 0, y = 0} and the arc as well around the
zw-plane, rotate the part of the arc between P and Q k-times as shown in Figure 2.12,
where k is an integer.
Note that we rotate the dotted sphere as in Figure 2.12. Associate this operation with
‘the revolution and the rotation of the planet’.
z
w
R
3
P
Q
>0_
x
Figure 2.12. Making a twist-spun knot from this.
We obtain a 2-knot in R4.
The result is called a k-twist spun-knot of K. Note that spun knots are 0-twist spun-
knots.
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It is known that the 1-twist spun knot of any 1-knot is the trivial 2-knot.
It is known that there are countably infinitely many different 2-knots that are k-twist
spun knots if k 6= 0,±1.
In order to prove that they are nontrivial, we use the Alexander polynomial, the
Alexander module, the fundamental groups, the µ-invariant, the η˜-invariant, etc.
Furthermore it is known that there are countably infinitely many nontrivial 2-knots
which are not k-twist spun knot for any integer k.
See [25, 51, 52, 55] for detail.
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2.3. n-dimsnional knots and links exist (n ≧ 3). We explain n-dimensional knots.
We can define n-knots, n-links, the trivial n-knots, the trivial n-links, spun-knots of
(n − 1)-knots(resp (n − 1)-links), k-twist spun-knots of (n − 1)-knots, as in a similar
fashion to the 2-knot case.
If a single copy of Sn is embedded in Rn+2, it is called an n-(dimensional) knot.
If a set of m copies of Sn is embedded in Rn+2, it is called an m-component n-
(dimensional) link.
If an n-knot K bounds an embedded n-ball Bn in Rn+2, we say that K is the trivial
knot.
Suppose that an m-component n-link L satisfies the following condition: Each com-
ponent bounds an embedded n-ball Bn in Rn+2. Each Bn does not touch any other Bn.
Then we say that L is the trivial link.
We say that two n-links are the same if we move one to the other smoothly in Rn+2
such that it is always not touching itself, Here ‘moving smoothly’ means that we move
it with ‘tubular neighborhood’ as in the 1-link case.
It is trivial that there is the n-dimensional trivial knot (resp. n-link).
To the advanced readers. We usually define n-knots in Sn+2 rather than Rn+2 in the
smooth (resp. PL, topological) category (n ≧ 1). In the smooth category we usually de-
fine it to be a codimensision two smooth submanifold of Sn+2 which is PL homeomorphic
to the standard n-sphere. It means that some n-knots for some natural numbers n are
exotic spheres. See [22, 27].
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We regard Rn+2 as the result of rotating
Rn+1≥0 = {(x1, ..., xn+2)|x1 ≧ 0, x2 = 0} around
the x3...xn+2-space = {(x1, ..., xn+2)|x1 = 0, x2 = 0}.
Suppose that there is a Bn−1 in
Rn+1≥0 = {(x1, ..., xn+2)|x1 ≧ 0, x2 = 0}
and that the boundary of Bn−1 is in
the x3...xn+2-space= {(x1, ..., xn+2)|x1 = 0, x2 = 0}.
See Figure 2.13. When we rotate Rn+1≥0 = {(x1, ..., xn+2)|x1 ≧ 0, x2 = 0} around
the x3...xn+2-space, rotate the B
n−1 as well. Then we obtain Sn in Rn+2. Imagine! Thus
we obtain an n-knot.
We can make an (n− 1)-knot K from the Bn−1 in
Rn+1≥0 = {(x1, ..., xn+2)|x1 ≧ 0, x2 = 0}
as in a similar fashion to the case that we make spun-knots from 1-knots. See Figure
2.13.
The n-knot made from this Bn−1 is called the spun-knot of K.
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Figure 2.13. n-dimensional spun knots
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It is known that there are countably infinitely many different (n− 1)-knots such that
their spun knots are different each other. Thus there are countably infinitely many
different n-knots (n ≧ 3).
We can define the spun-link of an (n−1)-link as in the same manner. It is known that
there are countably infinitely many different (n− 1)-links such that their spun links are
different each other. Thus there are countably infinitely many different n-links.
See [25, 51, 52, 55] for detail.
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We can define k-twist spun-knot of K as follows. When we rotate Bn−1 around the
x3...xn+2-space, we rotate a part of B
n−1 as in a similar fashion to the case that we make
k-twist spun knots of 1-knots. See Figure 2.14.
R
n
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n+1
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n-1
After twist-spinning
R
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n
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Twist
Figure 2.14. n-dimensional spun knots
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It is known that the 1-twist spun knot of any (n− 1)-knot is the trivial n-knot.
It is known that there are countably infinitely many different n-knots which are k-twist
spun knots for each k 6= 0,±1.
In order to prove that they are nontrivial, we use the Alexander polynomial, the
Alexander module, the fundamental groups, the η˜-invariant, the signature, knot cobor-
dism groups, etc.
Furthermore it is known the following: Let n be an integer ≧ 3. There are countably
infinitely many nontrivial n-knots which are not k-twist spun knot for any integer k.
See [25, 51, 52, 55] for detail.
To the advanced readers. If an n-knot K is an exotic sphere, the k-twist spun knot
of K is also defined.
To the advanced readers. We can also discuss Sp in Rn even if n > p + 2. See [13]
for detail.
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3. The projections of n-dimensional knots
In this section, we explain ‘the projections of n-knots’.
The projection of a 1-knot is the image of the knot by a map from R3 to R2:
(x, y, z) 7→ (x, y). See Figure 3.1 for an example.
Figure 3.1. The projection of a 1-dimensional knot
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Question 3.1. Suppose that S1 is in R2. It may touch itself.
Suppose the following conditions.
(i) S1 can be divided a finite number of curved segments so that each curved segment
is embedded (hence each curved segment does not touch itself). An example is
drawn in Figure 3.2.
(ii) If it touches itself, it touches itself like the intersection : Two curved segments
intersect.
Then is this the projection of a 1-knot in R3?
Here, we say that S1 is immersed transversely into R2.
Figure 3.2. S1 is divided into a finite numbed of embedded curved
segments.
Answer: Yes. (The proof is easy. Please try.)
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Take S2 in R3 so that S2 can be divided into a finite number of curved 2-dimensional
discs each of which is embedded in R3. We suppose that S2 may touch itself and that if
so, it touches itself as shown in Figure 3.3.
Figure 3.3. Two or three sheets intersect.
Here, two or three sheets intersect. The sheets can be bended a little.
Then we say that S2 is immersed transversely into R3 and that the S2 which touches
itself is a transverse immersion of S2. See textbooks on manifolds for transverse immer-
sion.
The projection of a 2-knot is the image of the knot by a map from R4 to R3:
(x, y, z, w) 7→ (x, y, z).
Question 3.2. For an arbitrary transverse immersion of S2 into R3, is there a 2-knot in
R4 whose projection is the transverse immersion?
Question 3.2 is a one-dimensional-higher analogue of Question 3.1.
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Answer: No. ([11] proved.)
Of course, there are countably infinitely many transverse immersions of S2 into R3
which are the projections of 2-knots. Here, we ask whether any transverse immersion is
the projection of a 2-knot.
The idea of making an transverse immersion of S2 into R3 which is not the projection
of any 2-knot in R4 is as follows. We use Boy surface. See Figure 3.4.
Figure 3.4. Boy surface
In his paper [1] Boy found a figure, which we call Boy surface. P121 of [28] quotes
Boy’s paper.
In [44] the author have created a way to construct the Boy surface by using a pair of
scissors, a piece of paper, and a strip of scotch tape.
We made a movie of our paper-craft. We put it in
31
http://www.geocities.jp/n dimension n dimension/MakeyourBoysurface.html
Don’t forget the three in the address if you type it.
It is connected with the author’s website
http://www.geocities.jp/n dimension n dimension/list.html
Click the indication: The movie ‘Make your Boy surface’ in the first few lines in his one.
You can find his website by typing in the author’s name ‘Eiji Ogasa’ in the search
engine although you will not type the address of the website.
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Take the Boy surface in R3
Take two sheets at each point in the Boy surface as shown in Figure 3.5.
A part of a new surface
A part of a new surface
A part of the Boy surface
Figure 3.5. Take two sheets for a sheet which is a part of Boy surface.
For a point in the self-intersection of the Boy surface, do the same procedure. The
union of such all sheets makes an transverse immersion of S2 into R3 which is not the
projection of any 2-knot.
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It is natural to ask the following question, which is a high dimensional version of
Question 3.2.
Question 3.3. Take Sn in Rn+1. Sn may touch itself.
Is there an n-knot in Rn+2 whose projection is the Sn in Rn+1?
The projection of an n-knot K is the image of K by the map from Rn+2 to Rn+1;
(x1, ..., xn+1, xn+2) 7→ (x1, ..., xn+1).
To the advanced readers. Consider the following question.
Question 3.4. Take a transverse immersion Sn into Rn+1. Is there an n-knot in Rn+2
whose projection is the Sn in Rn+1?
A transverse immersion Sn into Rn+1 is a natural generalization of the lower dimen-
sional one: Let Pi = {(x1, ..., xn+1)|xi = 0}. S
n can be divided into a finite number of
embedded curved n-dimensional ball Dn. If a point is in the self-intersection of Sn, the
part near P is like ‘P1 and P2’, ‘P1 and P2 and P3’, ,...,or ‘P1,..., and Pn+1’.
See textbooks on manifolds for detail.
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In his paper [34], the author found that the answers to Question 3.3 and 3.4 are negative
for any integer ≧ 3.
The author made such a transverse immersion of Sn into Rn+1 in an explicit way.
The idea of construction: We rotate the transverse immersion of Sn−1 as making spun-
knots and obtain the transverse immersion of Sn for n ≧ 3. The n = 2 case is the
example which is made earlier by using the Boy surface.
This is the sub-theme of the author’s paper [34].
The author also found the following. It is the main theme of the above paper.
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First, consider an easy question.
Question 3.5. Take a transverse immersion of S1 into R2.
Then is this the projection of a trivial 1-knot in R3?
Note that the difference between Questions 3.1 and 3.5.
It is almost trivial that the answer is positive. Please prove so.
An example is drawn in Figure 3.6.
T h e  t r e f o i l  k n o t T h e  t r i via l  k n o t
Figure 3.6. A nontrivial 1-knot whose projections is the projec-
tion of a trivial knot.
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Consider the n-dimensional version of Question 3.5.
Question 3.6. Take Sn in Rn+1. Sn may touch itself.
Is there a trivial n-knot in Rn+2 whose projection is the Sn in Rn+1?
Note that the difference between Questions 3.3 and 3.6.
To the advanced readers. Consider the following question.
Question 3.7. Take an arbitrary transverse immersion of Sn into Rn+1.
Is there a trivial n-knot in Rn+2 whose projection is the transverse immersion of Sn
into Rn+1?
Note that the difference between Questions 3.4 and 3.7.
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The author found that the answers to Questions 3.6 and 3.7 are negative for any integer
≧ 3.
The author made a transverse immersion of Sn into Rn+1 which is the projection of a
nontrivial n-knot but which is not the projection of any trivial n-knot in an explicit way.
We used ‘the K3 surface’, which you see in the textbooks on algebraic geometry.
The n = 2 case of Question 3.7 is open. Please solve.
To the advanced readers: The singularity of the transverse immersions in the author’s
papers [33, 34] consists of only double points. If n ≧ 5, the connected components of the
singularity of the author’s example in [34] are two.
In the n = 4, 3 (or = 2), what is the least number of connected components of the
singularity set? Please solve.
See the author’s papers [33, 34].
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4. Local moves on n-dimensional knots
If two 1-dimensional links K and K ′ in R3 differ only in the 3-ball B3 as shown in
Figure 4.1,
Figure 4.1. The crossing change of a 1-knot
then we say that K is obtained from K ′ by one crossing-change. An example is shown
in Figure 4.2.
Figure 4.2. K is obtained from K ′ by one crossing-change.
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Let K1, ..., Kµ be 1-links. If Kν is obtained from Kν−1 by one crossing-change
(2 ≦ ν ≦ µ), then we say that Kµ is obtained from K1 by a sequence of a finite number
of crossing-changes.
It is known that any m-component 1-link is obtained from the trivial m-component
1-link by a sequence of a finite number of crossing-changes. The proof is easy. Please try.
It is important to consider such a procedure that we change a knot by ‘local moves’ as
shown in Figure 4.1.
How about ‘local moves on high dimensional knots’?
It is the main theme of this section.
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From here on we will show an example that crossing-changes make a nontrivial link
into the trivial link.
The 1(-dimensional) link in Figure 4.3
Figure 4.3.
is called the (1-dimensional 2-component) trivial link.
The 1-link in Figure 4.4
Figure 4.4.
is called the Hopf link.
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The two 1-links have a different property.
Take a disc D2 ⊂ R3.
We suppose that the disc does not touch itself. (Then we say that this disc is embedded
in R3. See textbooks on manifolds for detail. We usually suppose the condition on relative
topology furthermore.)
The boundary of D2 is one of the two components of each 1-link. Here, we do not care
whether D2 touches the other component of the link or not.
Can we take D2 so that D2 does not touch the other component of the link?
In the case of the trivial link the answer is affirmative.
In the case of the Hopf link the answer is negative.
Do you feel they are true? Indeed, it is true.
We can prove it by using the fundamental group or the homology groups of
R3−(one of the two S1).
42
A crossing-change makes the Hopf link into the trivial link as shown in Figure 4.5.
the Hopf link
the trivial link
same
crossing-change
in
Figure 4.5.
We will generalize this example and consider a higher dimensional case from here on.
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4.1. Ribbon moves on 2-dimensional knots.
4.1.1. Ribbon moves on a circle and a sphere in the 4-space. We construct two types, L0
and L1, of ‘S
1 and S2 in R4 such that S1 does not touch S2 and that S1 (resp. S2) does
not touch itself.
L0: S
1 bounds an embedded 2-dimensional disc D2 in R4.
S2 bounds an embedded 3-dimensional ball B3 in R4.
B3 does not touch D2.
Probably you will feel L0 exists. Indeed, it is true. Take D
2 and B3 in R3 disjointly.
Regard R4 as the the xyzw-space. Regard R3 as the xyz-space in the xyzw-space. See
Figure 4.6.
x
w=0
y
z
w
R
4
o
B
D
2
3
Figure 4.6. L0
44
L1: S
1 bounds an embedded 2-dimensional disc D2 in R4 if we do not
care whether D2 touches S2 or not.
S2 bounds an embedded 3-dimensional ball B3 in R4 if we do not
care whether B3 touches S1 or not.
D2 definitely touches S2 even if we take D2 in any way.
We can take D2 such that D2 touches S2 at a single point.
To the advanced readers. We suppose that they intersect transversely.
In fact, such L1 exists.
Can you imagine L1?
Can you construct L1?
We construct L1 from here on.
Note that L0 and L1 are the name used only in this article.
45
Regard R4 as the result of rotating
R3≥0 = (x, y, z, t)|x ≧ 0, y = 0 around the zw-plane.
(Recall the way when we define spun-knots in Figure 2.11.)
z
w
x
P
R
3
>
=0
Figure 4.7.
Take S2 in R3≥0 as shown in Figure 4.7. Take an embedded 3-dimensional ball B
3 in
R3≥0. Take a point P in B
3 such that P is not included in S2. When we rotate R3≥0
around the zw-plane, rotate P as well but stop S2 at the first place. Then P becomes a
circle S1. This situation is drawn as shown in Figure 4.8.
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The zw-plane
R4
S1
S2
Figure 4.8.
This S1 and S2 makes L1.
We can prove that this L1 satisfies the required condition by using the homology groups
or the fundamental group of R4 − S2 or by using the homology groups of R4 − S1.
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The figures drawn from here on will request the readers to have imagination more than
those until here.
Imagine!
L1L0
S1 S2 S1 S2
In R
4 In R
4
Figure 4.9.
L1 in Figure 4.9 is changed into L0 in Figure 4.9 by a local move as shown in Figure
4.10.
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L1
L0
S1 S2
S1 S2
S1 S2
S1 S2
In R
4
In R
4
In R
4
In R
4
`Change' in
B4
same
Figure 4.10.
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‘The local move’ in B4 in Figure 4.10 is drawn as shown in Figure 4.11. Note Bn
is the n-dimensional ball (n ∈ N). This procedure is called the ribbon-move.
We say that L1 (resp. L0) is changed into L0 (resp. L1) by one ribbon-move.
B4 B4
B1B2B1B2
S 2 B4 B2=
S 1 B4 B1=
Figure 4.11.
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We draw a little more explicit figure of the ribbon-move in Figures 4.12 and 4.13.
t=-0.5 t=0 t=0.5
Figure 4.12.
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t=-0.5 t=0 t=0.5
Figure 4.13.
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To the advanced readers. We will write the definition of ribbon-moves rigorously in
Definition 4.1 by using Figures 4.12 and 4.13.
We use some mathematical terms, so please check the literature.
Although we will write the definition by using coordinates, it is better go in the way
(i) for the beginners than in the way (ii).
(i) To perceive it intuitively the first time around. After that, understand the definition
by using coordinates.
(ii)To try to understand it by coordinate representation the first time around.
Definition 4.1. Let K1 and K2 be sets of S
1 and S2 in R4. We say that K2 is obtained
from K1 by one ribbon-move if there is a 4-ball B embedded in R
4 with the following
properties.
(1) K1 coincides with K2 in R
4 − (the interior of B). This identity map from K1 −
(the interior of B) to K2 − (the interior of B) is orientation preserving.
(2) B ∩K1 is drawn as shown in Figure 4.12.
B ∩K2 is drawn as shown in Figure 4.13.
Note: ∩ denotes the intersection. See textbooks on set theory for the intersection of sets.
We regard B as (a closed 2-disc)×[0, 1]× {t| − 1 ≦ t ≦ 1}. We suppose Bt =(a closed
2-disc)×[0, 1]× {t}. Then B = ∪Bt. In Figures 4.12 and 4.13 we draw B−0.5, B0, B0.5 in
B. We draw K1 and K2 by the bold line. The fine line denotes ∂Bt. Here, ∂X means
the boundary of X .
B ∩K1 (resp. B ∩K2) is diffeomorphic to D
2 ∐ (a segment[0, 1]).
Note: ∐ denotes the disjoint union. See textbooks on set theory for the disjoint union.
Note that [a, b] means {x|a ≦ x ≦ b}.
B ∩K1 has the following properties: Bt ∩K1 is empty for −1 ≦ t < 0 and 0.5 < t ≦ 1.
B0 ∩ K1 is diffeomorphic to D
2 ∐ ([0, 0.3]) ∐ ([0.7, 1]). B0.5 ∩ K1 is diffeomorphic to
([0.3, 0.7]). Bt ∩K1 is diffeomorphic to two points for 0 < t < 0.5. (Here, we draw [0, 1]
to have the corner in B0 and in B0.5. Strictly to say, B ∩K1 in B is a smooth embedding
that is obtained by making the corner smooth.)
B∩K2 has the following properties: Bt∩K2 is empty for −1 ≦ t < −0.5 and 0 < t ≦ 1.
B0 ∩ K2 is diffeomorphic to D
2 ∐ ([0, 0.3]) ∐ ([0.7, 1]). B−0.5 ∩ K2 is diffeomorphic to
([0.3, 0.7]). Bt ∩ K2 is diffeomorphic to two points for −0.5 < t < 0. (Here, we draw
[0, 1] to have the corner in B0 and in B−0.5. Strictly to say, B ∩ K1 in B is a smooth
embedding that is obtained by making the corner smooth.)
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In Figure 4.12 (resp. 4.13) there are an oriented segment [0, 1] and an oriented disc
D2 as we stated above. We do not make any assumption about the orientation of the
segment and the disc. The orientation of B ∩K1 (resp. B ∩K2) coincides with that of
the segment and that of the disc.
If K1 is obtained from K2 by one ribbon-move, then we also say that K2 is obtained
from K1 by one ribbon-move.
Let K1 and K2 be two sets of S
1 and S2 in R4. K1 and K2 are said to be ribbon-
move-equivalent if there are sets of S1 and S2 in R4, K1 = K¯1, K¯2, ..., K¯r−1, K¯r = K2 (r, p
are natural numbers and p ≥ 2) such that K¯i is obtained from K¯i−1 (1 < i ≦ r) by one
ribbon-move.
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4.1.2. Ribbon moves on a sphere and a torus in the 4-space. Next we consider ‘S2 and
T 2 in R4’. Here, T 2 denotes the torus.
The figure in Figure 4.14 is called the torus. Note: the torus is like an inner tube. The
interior of an inner tube is empty.
Figure 4.14. The torus
If the interior is filled, then it is called the solid torus.
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We construct two types, L0 and L1, of ‘S
2 and T 2 in R4 such that T 2 does not touch
S2 and that T 2 (resp. S2) does not touch itself.
L0: S
2 bounds a 3-dimensional ball B3 embedded in R4.
T 2 bounds the solid torus embedded in R4.
B3 does not touch the solid torus.
L1: S
2 bounds a 3-dimensional ball B3 embedded in R4, where we do
not care whether B3 touches T 2 or not.
T 2 bounds the solid torus embedded in R4 so that the solid torus
does not touch S2.
B3 definitely touches the solid torus even if we take them in any way.
We can take B3 and the solid torus so that their intersection is a
single 2-dimensional ball.
Probably you will feel L0 exists. Indeed, it is true.
You only have to replace D2 with a solid torus in Figure 4.6.
Can you imagine L1?
Can you construct L1?
Note that L0 and L1 are the name used only in this article.
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We construct L1 from here on.
Recall the construction of L1 of ‘S
1 and S2 in R4 in Figures 4.7 and 4.8. Take a circle
C instead of the point P in B3 such that C does not touch S2. See Figure 4.15.
z
w
x
C
R
3
>
=0
Figure 4.15.
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When we rotate R3≥0 around the zw-plane, rotate C as well but stop S
2 at the first
place. Then C becomes a torus T 2. See Figure 4.16.
The zw-plane
R4
T 2
S2
Figure 4.16.
This T 2 and S2 makes L1.
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We draw L0 and L1 in Figure 4.17.
L1L0
S2 T 2T 2 S2
In R
4 In R
4
Figure 4.17.
It is known that L0 and L1 are different. We can prove it by using the homology groups
or the fundamental group of R4 − S2 or by using the homology groups of R4 − T 2.
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By an analogy to the previous case ‘S1 and S2 in R4’, we can guess L1 is changed into
L0 by the operation as drawn in Figure 4.18. Note that B
n is the n-dimensional ball
(n ∈ N). Indeed it is true. The procedure is drawn in Figure 4.19.
B4 B4
a disc a cylinder a disc a cylinder
S 2 B4 a disc=
T 2 B4 a cylinder=
Figure 4.18.
This procedure is also called the ribbon-move. We say that L1 (resp. L0) is changed
into L0 (resp. L1) by a ribbon-move. We will write a more rigorous figure of ribbon-moves
in Figures 4.20 and 4.21.
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L1
L0
T 2 S 2
T 2 S 2
T 2 S 2
T 2 S 2
In R
4
In R
4
In R
4
In R
4
`Change' in
B4
same
Figure 4.19.
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We draw a little more explicit figure of the ribbon-move in Figures 4.20 and 4.21.
t=-0.5 t=0 t=0.5
Figure 4.20.
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t=-0.5 t=0 t=0.5
Figure 4.21.
To the advanced readers. We will write the definition of ribbon-moves rigorously in
Definition 4.2 by using Figures 4.20 and 4.21.
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4.1.3. Ribbon moves of 2-knots. We have shown ribbon-moves on ‘S2 and T 2 in R4’.
Next we introduce ribbon-moves on 2-dimensional knots in R4.
It can be defined as in the same manner in the case of ‘S2 and T 2 in R4’.
In B4 in R4 as shown in Figure 4.18, the intersection of the 2-knot and B4 is a set
of a disc and a cylinder such that there is no common point between the disc and the
cylinder.
We will show a sequence of a finite number of ribbon-moves which makes the trivial
2-knot into a nontrivial 2-knots in Figure 4.23.
Before that, we will show a sequence of 1-knots in Figure 4.22.
The sequence of 2-knots in Figure 4.23 is a one-dimensional-higher analogue of the
sequence of 1-knots in Figure 4.22.
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6JGEQORQPGPVNKPM
6JGVTKXKCNMPQV
%JCPIGKPVJGVYQ
FQVVGFEKTENG
#PQPVTKXKCNMPPQV
Figure 4.22. (ii)-(iv) is a sequence of 1-knots
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6JGEQORQPGPVNKPM
6JGVTKXKCNMPQV
%JCPIGKPVJGVYQ
FQVVGFEKTENG
#PQPVTKXKCNMPPQV
Figure 4.23. We carry out the ribbon-move in (iii).
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To the advanced readers. We write the definition of the ribbon-move on 2-knots
(resp. 2-links, S2∐T 2 in S4) by using Figures 4.20 and 4.21. We use some mathematical
terms. Please check the literature.
Definition 4.2. Let K1 and K2 be 2-links or 2-dimensional closed submanifolds in R
4.
We say that K2 is obtained from K1 by one ribbon-move if there is a 4-ball B embedded
in R4 with the following properties.
(1) K1 coincides with K2 in R
4 − (the interior of B). This identity map from K1 −
(the interior of B) to K2 − (the interior of B) is orientation preserving.
(2) B∩K1 is drawn as shown in Figure 4.20. B∩K2 is drawn as shown in Figure 4.21.
We regard B as (a closed 2-disc)×[0, 1]× {t| − 1 ≦ t ≦ 1}. We suppose Bt =(a closed
2-disc)×[0, 1]×{t}. Then B = ∪Bt. In Figures 4.20 and 4.21, we draw B−0.5, B0, B0.5 in
B. We draw K1 and K2 by the bold line. The fine line denotes ∂Bt.
B ∩ K1 (resp. B ∩ K2) is diffeomorphic to D
2 ∐ (S1 × [0, 1]), where ∐ denotes the
disjoint union.
B ∩K1 has the following properties: Bt ∩K1 is empty for −1 ≦ t < 0 and 0.5 < t ≦ 1.
B0∩K1 is diffeomorphic to D
2∐ (S1× [0, 0.3])∐ (S1× [0.7, 1]). B0.5∩K1 is diffeomorphic
to (S1 × [0.3, 0.7]). Bt ∩K1 is diffeomorphic to S
1 ∐ S1 for 0 < t < 0.5. (Here, we draw
S1 × [0, 1] to have the corner in B0 and in B0.5. Strictly to say, B ∩K1 in B is a smooth
embedding that is obtained by making the corner smooth.)
B∩K2 has the following properties: Bt∩K2 is empty for −1 ≦ t < −0.5 and 0 < t ≦ 1.
B0∩K2 is diffeomorphic to D
2∐(S1× [0, 0.3])∐(S1× [0.7, 1]). B−0.5∩K2 is diffeomorphic
to (S1× [0.3, 0.7]). Bt ∩K2 is diffeomorphic to S
1∐S1 for −0.5 < t < 0. (Here, we draw
S1× [0, 1] to have the corner in B0 and in B−0.5. Strictly to say, B ∩K1 in B is a smooth
embedding that is obtained by making the corner smooth.)
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In Figure 4.20 (resp. 4.21) there are an oriented cylinder S1 × [0, 1] and an oriented
disc D2 as we stated above. We do not make any assumption about the orientation of
the cylinder and the disc. The orientation of B ∩K1 (resp. B ∩K2 ) coincides with that
of the cylinder and that of the disc.
If K1 is obtained from K2 by one ribbon-move, then we also say that K2 is obtained
from K1 by one ribbon-move.
Two 2-links K1 and K2 are said to be ribbon-move-equivalent if there are 2-links K1 =
K¯1, K¯2, ..., K¯r−1, K¯r = K2 (r, p are natural numbers and p ≥ 2)such that K¯i is obtained
from K¯i−1 (1 < i ≦ r) by one ribbon-move.
To the advanced readers. The ribbon-moves on T 2∐S2 in S4 can change the alinking
number of the T 2 ∐ S2 in S4. See [36, 45, 46, 53] for the alinking number.
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It is known that we have the following:
Anym-component 1-dimensional link is made into the trivialm-component 1-dimensional
link by a sequence of a finite number of crossing-changes, where m is any natural number.
In particular, any 1-dimensional knot is made into the trivial 1-dimensional knot by a
sequence of a finite number of crossing-changes.
By the way, we have the following.
Let L0 and L1 be the sets of T
2 and S2 in R4 in Figure 4.19 of §4.1.2.
L0 is made into L1 by one ribbon-move.
We can make countably infinitely many nontrivial 2-knots in R4 from the trivial 2-knot
in R4 by a sequence of a finite number of ribbon-moves. An example is drawn in Figure
4.23.
It is well known that the spun knot of any 1-knot is ribbon-move-equivalent to the
trivial 2-knot. Recall that a 1-knot is in R3 and that the spun knot of a 1-knot is a
2-knot in R4.
Well, it is natural to ask the following question.
Question 4.3. Is any 2-dimensional knot in R4 ribbon-move-
equivalent to the trivial 2-dimensional knot in R4?
Note: If K is obtained from K ′ by a sequence of a finite number of ribbon-moves, then
we say that K is ribbon-move-equivalent to K ′.
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In his paper [36] the author proved that the answer to Question 4.3 is negative. He
proved that the 5-twist spun knot of the trefoil knot is not ribbon-move-equivalent to the
trivial 2-knot. Recall that the 5-twist spun knot of the trefoil knot is a 2-dimensional
knot in R4. Furthermore he proved that there are countably infinitely many nontrivial
2-knots which are not ribbon-move-equivalent to the trivial knot.
[40, 43, 45, 46, 47] are sequels of the above paper.
The idea of the proof: Ribbon moves on 2-knots preserve the µ-invariant of 2-knots, the
Q/Z-valued η˜-invariants of 2-knots, Farber-Levine tosion linking pairing. Furthermore
they preserve some partial information of the homology groups with intersection products,
a kind of intersections of submanifolds, and torsion linking pairings of the infinite cyclic
covering spaces of the complements of 2-knots.
See the author’s paper [47]. It has been known that there is a 1-knot which is not
changed into the trivial 1-knot by one crossing-change but which is made into the trivial
one by two. The author proved that there is a 2-knot which is not changed into the
trivial 2-knot by one ribbon move but which is made into the trivial one by two.
70
Let K and K ′ be arbitrary 2-knots. Then is K ribbon-move-equivalent to K ′?
That is, classify 2-knots by ribbon-move-equivalence.
It is an open problem.
Please solve this.
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4.2. (p, q)-pass-moves on n-dimensional knots (p+ q = n+1). You can imagine R4
so you can see Rn(n ≧ 5)! Let’s go into high dimmensional space!
We introduce another local move on high dimensional knots, the (p, q)-pass-move on
n-dimensional knots (p+ q = n+ 1 and n ≧ 1).
Before that, we introduce a local move on 1-links, the pass-move on 1-knots. We gen-
eralize it into the high dimensional case and define the (p, q)-pass-move on n-dimensional
knots.
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See Figure 4.24 for an illustration of the pass-move on 1-links. Here, we consider not
only 1-knot case but also 1-link case.
The 1-link is oriented and is represented by the arrow in Figure 4.24.
Each of four arcs in the 3-ball may belong to different components of the 1-link.
pass-move
Figure 4.24.
First we change the trivial knot into a nontrivial knot by a pass-move shown in Figures
4.27-4.29.
We will generalize this way to high dimensional case.
Note that we sometimes abbreviate 1-dimensional knot to 1-knot or knot.
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Regard S1 as the union of two 1-ball B1u and B
1
d. Note that the 1-ball is the segment.
Then S1 × S1 is regarded as the union of four parts, B1u ×B
1
u, B
1
u ×B
1
d, B
1
d ×B
1
u, and
B1d × B
1
d.
Remove the interior of B1u ×B
1
u from S
1 × S1, call it F .
F is drawn conceptually as shown in Figure 4.25. We abbreviate B♯⋆ to B⋆.
Bd Bd
Bu Bd Bu Bu
Bd BuBd
Bd
Bu
Bu
Bu Bd
Bd Bd Bd Bu
( )- ( )Bu BuS
1
S
1 S
1
S
1
Figure 4.25.
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F is drawn explicitly as shown in Figure 4.26. Note that we can bend the corner of
B1u × B
1
u and change it into the 2-dimensional ball. Hence the boundary of F is a single
circle.
Bd BdF= a disc
Bu Bd Bd Bu
( )-
1
S
1
S
Figure 4.26.
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Take F in R3 as drawn in Figure 4.27.
.
Figure 4.27.
The boundary of F in R3 is a 1-knot. Furthermore it is the trivial knot.
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Carry out a pass move on this knot in in Figure 4.28.
Figure 4.28.
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Probably you will feel the resulting knot in Figure 4.29
Figure 4.29.
is a nontrivial knot. Yes. It is true. We can prove it by using Seifert matrices and the
Alexander polynomial.
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It is known that there are countably infinitely many nontrivial knots which are pass-
move-equivalent to the trivial knot and which bound F (resp. which do not bound F ).
Any 1-knot is pass-move-equivalent to the trivial knot or the trefoil knot. Furthermore
the trivial knot is not pass-move-equivalent to the trefoil knot.
To the advanced readers. We have the following. See [16].
If the Arf invariant of a 1-knot K is zero (resp. one), then K is pass-move-equivalent
to the trivial knot (resp. the trefoil knot).
Furthermore we have the following. Let L1 and L2 be 1-links. Then L1 and L2 are
pass-move-equivalent if and only if L1 and L2 satisfy one of the following conditions (1)
and (2).
(1) Both L1 and L2 are proper links, and
Arf(L1) = Arf(L2).
(2) Neither L1 nor L2 is a proper link, and
lk(K1j , L1 −K1j) ≡ lk(K2j, L2 −K2j) mod2 for all j.
Here, lk(Kaj , La − Kaj) is the sum of all linking number lk(Kaj , Kai), where i 6= j.
Here, lk is the linking number. See [16] for the linking number.
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Let’s start the high dimensional case.
Let A be in Rn. Let B be in Rm.
Define A× B to be
{(x1, ..., xn, y1, ..., ym)|(x1, ..., xn)is in A.(y1, ..., ym)is in B} in R
n+m.
See Figure 4.30.
B
R
m
R
n
A
A B
Figure 4.30. A× B
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S1 × S1 is an example.
S1 is represented by
{(x1, x2)|(x1)
2 + (x2)
2 = 1} in R2
S1 × S1 is represented by
{(x1, x2, y1, y2)|(x1)
2 + (x2)
2 = 1, (y1)
2 + (y2)
2 = 1} in R4.
Note: In this way, S1×S1 is defined in R4 but it can be embedded in R3. S1× S1 is the
torus.
To the advanced readers. We want to talk about product sets and product manifolds.
In fact they can be defined without using Rl which includes figures.
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We define the (p, q)-pass-move on n-knots (p+ q = n+ 1).
Take an (n + 2)-ball Bn+2 trivially embedded in Rn+2.
Regard Bn+2 as B1 ×Bp × Bq. Note that Bl is
{(x1, ..., xl)|(x1)
2 + ... + (xl)
2 ≦ 1} for any natural number l. In particular, that B1 is
[−1, 1] = {x| − 1 ≦ x ≦ 1}.
Take a smaller p-ball Dp in Bp and suppose that Dp is
{(x1, ..., xp)|(x1)
2 + ...+ (xp)
2 ≦ 1
4
}.
Take a smaller q-ball Dq in Bq as well.
Take Dp ×Bq and Bp ×Dq in the left (resp. right) figure of Bn+2 as shown in Figure
4.31, and call the union of Dp × Bq and Bp × Dq, U+ (resp. U−). Imagine! Note that
Dp × Bq and Bp ×Dq do not touch each other. Imagine!
In R
n+2
n=p+q+1
B1
B
q
B
p
B
q
B
p
B
p
D
q
D
p
B
q
B1
U
U+ -
B
p
D
q
D
p
B
q
Figure 4.31.
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Bp ×Dq of U+ (resp. U−) is embedded in {0} × B
p ×Bq trivially.
Dp ×Bq of U+ is embedded in {x ≧ 0} × B
p ×Bq trivially.
Dp ×Bq of U− is embedded in {x ≦ 0} × B
p ×Bq trivially.
Note to the advanced readers: ‘Embedding trivially’ is mathematically defined.
However, as we told before, if you currently associate the word ‘embedding trivially’ with
how it is used in daily life, please continue to do so.
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Let Sp−1 be the boundary of Dp.
Hence Sp−1 ×Bq is included in the boundary of Dp ×Bq.
Bp × Sq−1 is included in the boundary of Bp ×Dq as well.
Take Sp−1 × Bq and Bp × Sq−1 in the left (resp. right) figure of Bn+2 as shown in
Figure 4.32, and call the union of Sp−1 × Bq and Bp × Sq−1, V+ (resp. V−). Imagine
again!
In R
n+2
n=p+q+1
B1
B
q
B
p
B
q
B
p
B
p
S
q-1
S
p-1
B
q
B1
V
V
+ -
S
p-1
B
q
B
p
S
q-1
Figure 4.32.
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Let K+ and K− be n-dimensional knots in R
n+2. Suppose that K+ and K− differ
only in the above Bn+2, and that the intersection of K+ (resp. K−) and B
n+2 is V+
(resp. V−). Then we say that K− (resp. K+) is obtained from K+ (resp. K−) by one
(p, q)-pass-move.
In order to imagine the high dimensional case, it is very often useful to consider a low
dimensional case. Consider the case where p = q = 1 and hence n = 3. You can easily
understand that this case, that is, the (1,1)-pass-move on 1-knots, is the pass-move on
1-knots.
Let p (resp. q) be an fixed natural number. Let p+ q = n + 1.
Could you imagine that a nontrivial n-dimensional knot is obtained from the trivial
n-dimensional knot by one (p, q)-pass-move (resp. a sequence of a finite number of (p, q)-
pass-moves)?
We explain it from here on. See Figures 4.37-4.39.
To the advanced readers. See the author’s paper [30, 36, 37, 40, 43, 45, 47] for detail.
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A pair of Figures 4.33 and 4.34 is a little less conceptual figure of the (p, q)-pass-move.
B
B
n+1-p
1
=[ 0,     1 ]
B
n +  2
T h i s   cu b e   is  a n  ( n +  2 )- d i m e n si o n a l
 b a l l  B        i n   R   
n +  2 n +  2
q = n + 1 - p
K
S
p-1
B
n + 1 - p
S
n-p
B
p
B
p
Figure 4.33.
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B
n + 2
K
Figure 4.34.
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Next consider the case where p = 1 q = 2, and n = 4.
One (1,2)-pass-move is two ribbon-moves.
Can you imagine this?
Furthermore in fact if a 2-knot K is obtained from a 2-knot K ′ by one ribbon-move,
then K ′ is obtained from K by one (1,2)-pass-move. The proof is written in the author’s
paper [36].
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Could you imagine that a nontrivial n-dimensional knot is obtained from the trivial
n-dimensional knot by one (p, q)-pass-move (resp. a sequence of a finite number of (p, q)-
pass-moves)?
We can do it. We will show it from here on.
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Next we change the trivial n-dimensional knot into a nontrivial n-dimensional knot by
a (p, q)-pass-move (p+ q = n + 1). Recall that n-knots are in Rn+2
Regard Sp as the union of p-ball Bpu and B
p
d . Do S
q as well.
Then Sp × Sq is regarded as the union of four parts, Bpu ×B
q
u, B
p
u ×B
q
d, B
p
d ×B
q
u, and
Bpd × B
q
d.
Remove the interior of Bpu ×B
q
u from S
p × Sq, call it F .
F is drawn in Figure 4.35. We abbreviate B♯⋆ to B⋆.
S
p
S
q
( )- ( )S
p
S
q
Bd Bd
Bu Bd Bu Bu
Bd BuBd
Bd
Bu
Bu
Bu Bd
Bd Bd Bd Bu
Bu Bu
Figure 4.35.
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F is drawn in another way as shown in Figure 4.36. Note that we can bend the corner
of Bpu × B
q
u and change it into the (p+ q)-dimensional ball. Hence the boundary of F is
Sn.
Bd BdF= S
p
S
q
B
p+ q
Bu Bd Bd Bu
( )-
Figure 4.36.
To the advanced readers. This figure is an example of handle decomposition of
manifolds. See textbooks on differential topology and, especially, surgery theory for
detail.
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Take F in Rn+2 as shown in Figure 4.37.
Figure 4.37.
The boundary of F in Rn+2 is an n-knot. Furthermore it is the trivial n-knot.
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Carry out a (p, q)-pass-move on this n-knot in in Figure 4.38.
Figure 4.38.
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It is known that the resulting n-knot in Figure 4.39
Figure 4.39.
is a nontrivial n-knot.
We can prove this fact by using Seifert matrices and the Alexander polynomial. In the
proof, we use the fact that Sp and Sq can be ‘linked’ in Rp+q+1.
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We use the following facts to prove it: Sq and Sp are included in F as shown in Figure
4.40. Sq and Sp are ‘linked’ in Sp+q+1. Imagine!
S
q
S
p
Figure 4.40.
It is known that there are countably infinitely many nontrivial n-dimensional knots
which are pass-move-equivalent to the trivial n-knot and which bound F (resp. which
do not bound F ).
It is not solved completely that what kind of high dimensional knots are (p, q)-pass-
move-equivalent to the trivial knot in both cases where p and q are fixed and where p
and q run. The p = q case is solved by the author. It is proved by using [30, Theorem
4.1] and [18, Proposition 12.1]. It is characterized as follows. Let K be a (2p+ 1) knot.
K is (p+ 1, p+ 1)-pass-move equivalent to the unknot if and only if K is a simple knot
and the Arf invariant (resp. the signature) of K is zero in the case where p is even (resp.
odd).
It is also not solved to classify n-knots by (p, q)-pass-move-equivalence.
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We found some relations between some invariants of high dimensional knots and (p, q)-
pass-moves.
The author found an application of (p, q)-pass-moves to the intersection of submani-
folds, which is a kind of figure, in Sn. See [30].
The author found a high dimensional version of a well-known identity
Alex(K+)−Alex(K−)=(t− 1)·Alex(K0).
It is associated with the (p, q)-pass-move while the 1-dimensional case is with the crossing
change. See [37, 42, 45].
Kauffman and the author found some relation between (p, q)-pass-moves and knot
products. See [18, 19, 20]
There are many other exciting open problems on these local moves. Please try.
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4.3. To the advanced readers. Twist-moves on (2m+1)-dimensional knots. We
introduce another local move on high dimensional knots. It is called the twist-move. We
define the twist-move on (2m+ 1)-dimensional knots in R2m+3.
Before that, we review the crossing-change on 1-links, generalize it, and define the
twist-move on high dimensional knots.
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Figure 4.41 draws the crossing-change of 1-links.
Figure 4.41.
The local move drawn in Figure 4.42 is the same as the crossing change.
Figure 4.42. A local move on 1-links.
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The reason is as follows. The left figure of Figure 4.42 is the same as the left one of
Figure 4.43.
Figure 4.43.
See in Figure 4.44.
Figure 4.44.
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Take a band B1 ×B1, X (resp. Y ) as shown in Figure 4.45.
X Y
Figure 4.45. Bands, X and Y .
Then X and Y have the following property. We can assume that if we coincide the two
3-balls in Figure 4.42, X and Y touches each other only in the boundary of the 3-ball as
shown in Figure 4.46. The union of X and Y is drawn in Figure 4.46. It is an anulus
which twisted one time in this case. The boundary is the Hopf link.
in R
3
In B
3
Y
X
Z
Figure 4.46.
We use this property when we define the twist move.
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We define the twist-move on (2m+ 1)-dimensional knots in R2m+3.
Note that the twist-move in the 2m + 1 = 1 case, i.e., the twist-move on 1-knots, is
the crossing change.
Take a (2m+ 3)-ball B2m+3 trivially embedded in R2m+3.
Regard B2m+3 as B1 ×Bm+1 × Bm+1.
Take Bm+1×Dm+1 trivially embedded in B2m+3 as shown in Figure 4.47. Here, Dm+1,
which is defined earlier, is a smaller ball than Bm+1 . Dm+1 is embedded in Bm+1 . It is
drawn very conceptually.
In R
2m +3
X
B
m +1
B
m +1
B
m +1
D
m +1
B1
Figure 4.47.
This embedding of Bm+1 ×Dm+1 is called X .
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Take another embedding of Bm+1 ×Dm+1 in B2m+3 as shown in Figure 4.48.
In R
2m +3
Y
B
m +1
B
m +1
B1
Figure 4.48.
Let this embedding be called Y . If we take X and Y in B2m+3 together, the intersection
of X and the boundary of B2m+3 coincides with the intersection of Y and the boundary
of B2m+3 and the intersection of X and Y is included in the boundary of B2m+3. The
union of X and Y is called Z.
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Z in Figure 4.49 is ‘twisted one time’ in the following meaning. X and Y are
Bm+1×Bm+1. Z is Sm+1×Bm+1. Bm+1×{c} in X and that in Y meet at each boundary
and make an (m + 1)-sphere Sm+1 as drawn in Figure 4.49, where {c} is the center of
Dm+1. This Sm+1 is, of course, included in Z. We can push off Sm+1 into the normal
direction of Z in R2m+3.
in R
2m +3In B
2m +3
Y
X
Z
Figure 4.49.
Mathematically speaking, we have the following. Z is the total space of the Dm+1-
bundle over Sm+1 associated with the tangent bundle of Sm+1. Z is a codimension one
smooth submanifold of R2m+3. Z has the trivial normal bundle. Hence we can push off
Sm+1.
The resulting (m+ 1)-dimensional sphere by pushing off is called S˜m+1.
We suppose that Sm+1 and S˜m+1 satisfy the following condition: Sm+1 bounds an em-
bedded (m+2)-dimensional disc and the intersection of S˜m+1 and the (m+2)-dimensional
disc is a single point.
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If you know ‘Seifert pairing’ and ‘handle decomposition’, the explanation will become
much clearer: We let Z satisfy that the Seifert pairing of a codimension two submanifold
∂Z ⊂ Bn+2 (resp. Sn+2) associated with Z is a 1× 1-matrix (1). See the author’s paper
[37] for detail.
For now, consider the 2m+ 1 = 1 case as shown in Figures 4.42-4.41 and imagine the
higher dimensional case.
The boundary of Dm+1 is an m-sphere Sm. Therefore, Bm+1 × Sm is included in the
boundary of Bm+1 × Dm+1. This Bm+1 × Sm in the boundary of X (resp. Y ) is called
X ′ (resp. Y ′).
Let K+ and K− be (2m + 1)-dimensional knots in R
2m+3. Suppose that K+ and K−
differ only in B2m+3 and that the intersection of K+ (resp. K−) and B
2m+3 is X ′ (resp.
Y ′). Then we say that K+ (resp. K−) is obtained fromK− (resp. K+) by one twist-move.
If K+ (resp. K−) is obtained from K− (resp. K+) by a sequence of a finite number of
twist-moves, then we say that K+ and K− are twist-move-equivalent.
Note: K+ and K− are sometimes diffeomorphic in some cases. They are homeomorphic
but not diffeomorphic in some cases. They are not homeomorphic in the other cases.
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We found infinitely many nontrivial n-knots which are twist-move-equivalent to the
trivial knot (resp. which are not twist-move-equivalent to the trivial knot).
The author found some relations between some invariants of high dimensional knots
and twist-moves: He found a (4k + 1) dimensional version of a well-known identity
Alex(K+)−Alex(K−)=(t− 1)·Alex(K0).
It is associated with the twist move while the 1-dimensional case is with the crossing
change. See [37, 42, 45].
Kauffman and the author found some relations between twist-moves and knot products:
A natural (2µ+ 1) dimensional version of a well-known identity
Alex(K+)−Alex(K−)=(t− 1)·Alex(K0)
associated with the twist move is a little different, and is
Alex(K+)−Alex(K−)=(t+ 1)·Alex(K0).
Note the left side of =. (t − 1) is replaced with (t + 1). It is a new type identity. See
[18, 19, 20].
The author proved that for any natural number ν, there is a nontrivial (4k + 1)-knot
which is obtained from the trivial knot by ν times of twist moves, but which is not
obtained from the trivial knot by ξ times of twist moves if ξ < ν.
There are many other exciting open problems on these local moves. Please try.
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4.4. Cross-ring-moves on 2-knots. We introduce another local move, ‘cross-ring-
moves on 2-dimensional knots in R4’, after defining the concept of local moves on n-knots.
To the advanced readers. Let K+ be an n-knot in R
n+2. Let A be fixed in Rn+2.
Fix P (resp. N) in A. Suppose that K+ and K− only differ in A and that the intersection
of K+ (resp. K−) and A is P (resp. N). Then we say that K− is obtained from K+ by
this local move.
A is not necessarily a (n+ 2)-dimensional ball. See Definition 4.4
We often want to suppose that A is a compact (n+ 2)-submanifold of Rn+2.
Of course this definition is modified in many ways. For example, we can replace ‘n-knot’
with ‘n-dimensional submanifold of (n+2)-manifold’. Indeed the local moves introduced
in this article are defined not only for n-knots but also for n-dimensional submanifolds
of (n+ 2)-manifolds as well.
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Definition 4.4. Let K be a 2-knot in R4. Embed S1×D3 trivially in R4, where S1 is a
circle and where D3 is the close 3-ball. Suppose the following.
(1) K ∩ (S1 ×D3) is (S1 × I)∐ (S1 × I), where I is the interval.
(2) K ∩ (S1 ×D3) is
S1×
,
where we have the following.
(i) The bold line and its interior in the above figure represent the 3-disc D3
(ii) The arrows which are written by fine lines represent a submanifold of K.
(iii) S1× (each of the two arrows) is each of the above (S1 × I)∐ (S1 × I).
Fix this S1 ×D3 in R4.
Let K ′ be a 2-knot with the following properties.
(1) K ∩ (S1 ×D3) is
S1×
,
in the above chart.
(2) K ′ ∩ (R4 − (the interior of (S1 ×D3)))
= K ∩ (R4 − (the interior of (S1 ×D3))).
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Then we say that K ′ is obtained from K by one cross-ring-move.
If K ′′ is obtained from K by a sequence of a finite number of cross-ring-moves then we
say that K ′′ is cross-ring-move-equivalent to K.
Needless to say, cross-ring moves are defined not only for 2-knots but also for 2-links
in the same fashion.
We could prove that all k-twist spun knots are cross-ring-move-equivalent to the trivial
knot.
It is natural to ask the following question.
Question 4.5. Are all 2-knots cross-ring-move-equivalent to the trivial knot?
Please solve.
Furthermore the following is an open problem. If n = 1, the answer is easy. It is the
crossing change in Figure 1.2.
Question 4.6. Is there an explicit unknotting operation on n-knots (n ≧ 2)?
Please solve.
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5. Comments
We introduce literature on high dimensional knot theory. We would be sorry if we
forgot citing other important papers in the following references.
There are many other important themes associated with high dimensional knots, which
are not introduced in this article: knot cobordism, link cobordism, the complements of n-
knots (n = 1 and n ≧ 2), fibered n-knots (n = 1 and n ≧ 2), knot products, intersectional
pair of knots, etc. Some of the following papers and articles include them.
The following is an outstanding open problem. See [5, 35, 46, 50].
Question 5.1. Are all even dimensional links slice?
Please solve.
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